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Abstract
The total derivatives in the gravitational action are usually disregarded as non-producing
any non-trivial dynamics. In the context of the gravitational entropy, within Wald’s ap-
proach, these terms are considered irrelevant as non-contributing to the entropy. On the
other hand, the total derivatives are usually present in the trace anomaly in dimensions
higher than 2. As the trace anomaly is related to the logarithmic term in the entanglement
entropy it is natural to ask whether the total derivatives make any essential contribution
to the entropy or they can be totally ignored. In this note we analyze this question for
some particular examples of total derivatives. Rather surprisingly, in all cases that we con-
sider the total derivatives produce non-trivial contributions to the entropy. Some of them
are non-vanishing even if the extrinsic curvature of the surface is zero. We suggest that
this may explain the earlier observed discrepancy between the holographic entanglement
entropy and Wald’s entropy.
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1 Introduction
Since the inspiring paper of Wald [1] and the subsequent works [2], [3] it became clear that
there exists a certain correspondence between the entropy associated to horizons and terms in
the gravitational action. This relation by now is very well established and has many important
applications and generalizations, see for instance [4] and [5]. In this context the possible total
derivatives in the gravitational action are generally neglected as they are thought not to produce
any essential contribution to the entropy.
In a wider context the discussed correspondence is important for the calculation of entangle-
ment entropy of a co-dimension two surface. The gravitational action in this case is the quantum
effective action which in general can be represented as a certain local or non-local expansion [6]
in Riemann curvature. In particular, there has been established [7], [8] a relation between the
trace anomaly (obtained as variation of the effective action under conformal rescaling of metric)
and the logarithmic term in the entanglement entropy.
The trace anomaly may, in general, contain some total derivatives which originate from the
local counter terms that could be added to the effective action. These terms thus are (regu-
larization) scheme dependent and are not universal. The entanglement entropy, on the other
hand, is a quantity which appears to be independent of the chosen regularization. A natural
question then arises: whether these total derivatives produce any non-trivial contribution to the
entropy?
In this note we analyze this question. In dimension d = 4 the only total derivative which
may contribute to the trace anomaly is R . It originates from R2 in the effective action.
In dimension d = 6 there is much more freedom and there appears a set of possible terms.
Generally they are rather complicated for the analysis. Here, for the purposes of simplicity,
we focus on some particular terms, R2 and (RµνR
µν), which appear to be among the
simplest ones. In all these cases the gravitational entropy is non-vanishing. In particular, for
the term (RµνR
µν), the entropy is non-zero even if the surface has no extrinsic curvature.
This is especially interesting in the light of the discrepancy first found in [9]. We suggest that
this discrepancy may originate from the total derivative terms in the trace anomaly that are
normally ignored in the entropy calculation. Below we present our analysis.
2 Regularization method
First we want to explain our method. Consider a general class of metrics of the type
ds2 = e2σ(x,r)
(
dr2 + r2dτ 2
)
+ (hij(x) + 2K
a
ij(x)n
ar + ..)dxidxj , (1)
where n1 = cos τ and n2 = sin τ . The entangling surface Σ is defined by condition r = 0, hij(x)
is the intrinsic metric on Σ and Kaij(x), a = 1, 2 is the extrinsic curvature of the surface. Now,
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in order to compute the entropy associated to surface Σ we use the replica trick, for a review
see [10]. It consists in making a periodicity 2πn, n is an integer, for the coordinate τ and then
taking the limit n→ 1. This procedure introduces an angle deficit 2π(1−n) and thus produces
a conical singularity. The entropy then is obtained by differentiating the gravitational action
with respect to (n−1) and taking the limit n→ 1. If extrinsic curvature of Σ is non-vanishing
then the singularity is the squashed conical singularity studied in [11]. In order to compute
the corresponding curvature invariants we introduce some regularization. This regularization
consists of two parts. First, we smooth the conical singularity by replacing grr → grrfn(r) with
the regularization function
fn(r) =
r2 + b2n2
r2 + b2
, (2)
where b is the regularization parameter later to be taken to zero. This regularization was
introduced in [4] so that we shall call it FS regularization. It should be applied every time we
have a conical singularity. If the conical singularity is squashed (i.e. the extrinsic curvature of Σ
is non-vanishing) FS regularization alone does not lead to everywhere regular space with a finite
curvature. Thus it should be supplemented by yet another regularization: replace Kaij(x)n
ar
by Kaij(x)n
arn in the metric. We stress that the terms in the metric that remain there if Σ is
a Killing horizon should not be regularized. Otherwise we would get deviations from Wald’s
entropy calculation even for the Killing horizons. This second regularization is introduced in [11]
and we shall call it FPS regularization. It should be used if the singular surface has a non-trivial
extrinsic curvature. The final result for the entropy thus can be considered as coming from both
FS and FPS regularizations. .
3 Regularized metric and scalar curvature
With these explanations we consider the following regularized metric
ds2 = e2σ(x,r)[fn(r)dr
2 + r2dτ 2] + gij(x, r, τ)dx
idxj, (3)
where
σ(x, r) = σ0(x) +
1
2
σ2(x)r
2 + · · · ,
gij(x, r, τ) = hij(x) + 2K
a
ij(x)n
arn + (KaKb)ijn
anbr2n + g
(2)
ij (x)r
2 + · · · . (4)
According to our prescription in (4) we changed the power of r only for terms which are due
to extrinsic curvature keeping the power of r in all other terms unchanged.
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If n = 1 we have the following relations for the metric (3):
σ2 = −1
4
e2σ0(Rabab + 2(∇Σσ0)2) ,
g
(2)
ij = −
1
2
e2σ0Rajaj − e2σ0(∇i∇jσ0 +∇iσ0∇jσ0) ,
Tr g(2) =
1
2
e2σ0(Rabab − Raa − 2∆Σσ0 − 2(∇Σσ0)2) . (5)
If n 6= 1 the scalar curvature of regularized metric (4) reads
R = A1 + A2f
−1
n (r)−A3r−1∂rf−1n (r) + A4C1(r)rn−2 + A5C2(r)r2(n−1)
+A6C3(r)r
(n−1) + A7r
2(n−1) , (6)
where we introduced
A1 = RΣ − 4∆Σσ0 − 6(∇Σσ0)2 , A2 = −4(σ2 + Tr g(2))e−2σ0 ,
A3 = e
−2σ0 , A4 = e
−2σ0 TrKana , A5 = e
−2σ0 Tr (KaKb)nanb ,
A6 = e
−2σ0 TrKaTrKbnanb , A7 = −e−2σ[( TrK)2 − TrK2] ,
C1(r) = 2(1− n2/fn(r)) + n r∂rfn(r)f−2n (r) ,
C3(r) = (1− n2/fn(r)) , C2(r) = −C1(r)− C3(r) . (7)
Imposing n = 1 in (6) we find the Gauss-Codazzi relation
R = RΣ − 4σ2e−2σ0 − 4∆Σσ0 − 6(∇Σσ0)2 − 4e−2σ0 Tr g(2) − e−2σ0 [( TrK)2 − TrK2] . (8)
With the help of relations (5) it takes the usual form
R = RΣ + 2Raa − Rabab + Tr Kˆ2 − ( Tr Kˆ)2 , (9)
where Kˆaij = e
−σ0Kaij, a = 1, 2 is the extrinsic curvature.
For the square root of the determinant of metric (4) we find that
√
g =
√
h
(
1 +B1r
n +B2r
2n +B3r
2 + ..
)
,
B1 = TrK
ana , B2 =
1
2
(TrKaTrKa − Tr (KaKb))nanb , B3 = 1
2
Tr g(2) . (10)
4 Integrals over a squashed cone
In this section we want to compute the contribution of a total derivative due to a conical
singularity. In fact, an obvious geometric quantity which is a total derivative is the scalar
curvature in two dimensions. This was the first case analyzed in [4] in order to illustrate the
distributional nature of the curvature due to a conical singularity. The procedure considered
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in [4] was the following. Let us first take a disk of a fixed radius r0 in the plane (r, τ). Then
we consider the integral of the scalar curvature R for the FS regularized metric. Formally the
radial integral can be taken from r = 0 to r = r0 . However, the term at r = 0 vanishes for the
FS regularized metric. So that only term at r = r0 is important. One decomposes this term in
powers of (1 − n) to linear order and then takes the limit when the regularization parameter
b→ 0 provided the value of r0 is kept fixed. The result of this procedure is finite and (for small
r0 ) independent of r0 .
Now we want to repeat this procedure and compute the integral of R over a regularized
squashed cone and extract the contribution which is due to the conical singularity. As above
we consider a disk of radius r0 , where r0 is small but finite. Then the integral reduces to two
boundary terms, at r = 0 and r = r0 ,∫
Mn
R =
∫
r=r0
√
g√
fn
r∂rR−
∫
r=0
√
g√
fn
r∂rR , (11)
where integration goes over τ (from 0 to 2πn) and xi , and g is determinant for the metric (4),
see eq. (10). We notice that for curvature (6), in the limit of small r and provided that b is
kept finite and n > 1, we have that r∂rR ∼ r2n−2 vanishes at r = 0. Thus there is no “internal
boundary” in (11) and the integral reduces to the boundary term at r = r0 . We expand the
first term in (11) in powers of (1 − n) and then take the limit b → 0 while keeping r0 small
but finite. The result of this procedure is
√
g√
fn
r∂rR =
4(n− 1)A4
r0
+ (4A4B1 + 2A7)(n− 1) + .. , (12)
where we neglect the terms which are either higher powers of (n − 1) or of the regularization
parameter b.
Integrating over τ we use∫ 2pin
0
dτna = O(n− 1) ,
∫ 2pin
0
dτnanb = πδab +O(n− 1) . (13)
Therefore, the first term in (12) integrated over τ is of the second order in (n − 1) while the
second term gives (where we include the integration over x)∫
Σ
∫ 2pin
0
√
g√
fn
r∂rR = 4π(n− 1)
∫
Σ
(A7 + Tr Kˆ
a Tr Kˆa) = 4π(n− 1)
∫
Σ
Tr Kˆ2 . (14)
The further integration over x gives us the following result∫
Mn
R = n
∫
Mn=1
R + 4π(n− 1)
∫
Σ
Tr Kˆ2 . (15)
Similarly, for the integral of R2 we find that∫
Mn
R2 = n
∫
Mn=1
R2 + 8π(n− 1)
∫
Σ
R Tr Kˆ2 , (16)
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where in the r.h.s. of this equation the scalar curvature R takes the form (8) (or, equivalently,
(9)). Interestingly, the surface term in (15) is non-zero even if the spacetime is flat. This makes
it similar (but not identical) to the famous Gibbons-Hawking term.
The above analysis is based on the form of the metric (3)-(4). This metric for n > 1, if
extended to infinite values of r , may have large deviations from the original metric (n = 1).
This deviation may be a reason for concern whether (3)-(4) is a well-defined regularization.
Although we can not exclude the existence of other regularizations, the consequences of which
should be further investigated, here we would like to argue that (3)-(4) is a legitimate form for
the conical metric. First of all, for a disk of any finite radius r0 the difference (n − 1) can be
made arbitrary small so that the “large” deviation never occurs, the (n − 1) deformation of
the metric would be made arbitrary small in any appropriate norm. Moreover, the increasing
radius r0 does not change the K
2 -term in (15).
The other reasoning in favor of (3)-(4) is the following. For n = 1 the metric can be expressed
in terms of complex variable z = reiτ (and z¯ = re−iτ ). The part of the metric which linearly
depends on the extrinsic curvature takes the form of a sum of two holomorphic functions, of
z and z¯ respectively. When the periodicity of τ is 2πn one can redefine τ = nφ . Then it
is natural to demand that for any integer n the conical metric remains to be holomorphic of
variable z = reiφ (and z¯ = re−iφ ). In this way the conical metric for integer n > 1 shares same
analytical properties as the metric for n = 1. This condition uniquely fixes the structure of the
metric (3)-(4). From this point of view the replacement r → rn in (3)-(4) should be viewed not
as a regularization procedure but as a definition of the conical metric for an integer n > 1.
5 Holographic entanglement entropy
As first application of our finding we consider the generalization of the holographic proposal [7]
for the entanglement entropy. In the holographic duality the AdS gravity may be described by
an action which includes terms quartic in derivatives. The general structure of such an action
then includes also a total derivative term,
I = −
∫
M(d+1)
√
gdd+1x
[
R
16πG(d+1)
+ 2Λ + λ1RµναβR
µναβ + λ2RµνR
µν + λ3R
2 + λ4R
]
. (17)
Respectively, the generalized holographic entropy is a combination of the proposal made in [11]
and our finding (15)
S(H) = A(H)
4G(d+1)
+ 4π
∫
H
[
2λ1(Rijij − Trk2) + λ2(Rii − 1
2
k2) + 2λ3R− λ4Trk2)
]
, (18)
where H is a co-dimension 2 surface which bounds the entangling surface Σ, k is the extrinsic
curvature of H . The surface H is supposed to be a minimizer of the functional (18). If d = 4
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the surface H has dimension three and the holographic entropy (18) is supposed to reproduce
the entanglement entropy of a conformal field theory with general conformal charges.
6 Conformal anomaly and entanglement entropy in four
dimensions
In four dimensions the trace anomaly is a combination of the following terms
〈T 〉 = −aE4 + bW 2 + cR ,
E4 = RαβµνR
αβµν − 4RµνRµν +R2 ,
W 2 = RαβµνR
αβµν − 2RµνRµν + 1
3
R2 , (19)
where W is the Weyl tensor and E4 is the Euler density in four dimensions. The first two
terms in (19) are universal. They come from a conformal variation of the non-local part of the
CFT effective action. On the other hand, the last term originates from a conformal variation
of a local term R2 which could be added to the effective action. This term depends on the
regularization scheme and it is not universal. Respectively, the c-term in (19) is not universal.
On the other hand, the trace anomaly integrated over a conical space Mn∫
Mn
〈T 〉 = n
∫
Mn=1
〈T 〉+ (1− n)s0/2 , (20)
is related to the logarithmic term in the entanglement entropy,
S =
NsA(Σ)
48πǫ2
+ s0 ln ǫ . (21)
The term s0 in (20) is then given by a surface integral
s0 = 16π
∫
Σ
(
aRΣ − bKΣ + c
2
TrKˆ2
)
, (22)
where RΣ is intrinsic curvature of surface Σ, and we define
KΣ = Rabab −Raa + 1
3
R − ( Tr Kˆ2 − 1
2
( Tr Kˆ)2) . (23)
The a- and b-contributions to logarithmic term (22) have been obtained earlier, see [7] and [8].
7 Some puzzles
The c-term in (22) is new. The existence of this term is a direct consequence of (15). However,
its presence in the logarithmic term of entanglement entropy is rather puzzling. In a conformal
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field theory s0 is expected to be conformally invariant and indeed the a- and b-terms in (22) are
conformal invariants. However, the c-term is not invariant under conformal transformations.
Indeed, under Weyl rescaling gµν → gµνe−2ω , naµ → e−ωnaµ it changes as∫
Σ
Tr Kˆ2 →
∫
Σ
Tr Kˆ2 +
∫
Σ
Tr Kˆanαa∂αω (24)
and is invariant only if normal derivative of ω vanishes on Σ. So that the c-term breaks
conformal invariance down to transformations which preserve the extrinsic curvature.
Moreover, for a sphere Σ = S2 in flat spacetime, we have that
RΣ = Tr Kˆ
2 , (25)
so that the c-term takes exactly same form as the a-term. In this case the b-term disappears
and the whole contribution to the logarithmic terms is due to the Euler number of the sphere
multiplied by (2a+ c),
s0(S2) = 32π
2(2a+ c) . (26)
Usually one considers the logarithmic term in the entropy for a round sphere as a simple way to
identify the a-charge of the CFT (see for instance [12], [13]). However, we see that, in general,
this term may also have a part that depends on c.
The dependence of entanglement entropy on c should mean that the entropy depends on
the regularization. So far no indication of such a dependence has been found1 neither in direct
lattice type calculations of the entropy nor in the numerous holographic calculations that use the
prescription of Ryu-Takayanagi [7]. The absence of c-term in the holographic analysis however
may have a simple explanation. As shows the analysis in original paper [14] the total derivative
term vanishes (c = 0) in the holographic trace anomaly in four dimensions. However, the total
derivatives appear in the holographic trace anomaly in six dimensions.
8 Earlier observed discrepancy in six dimensions
Curiously enough, paper [9] does observe some discrepancy between the holographic calculation
of entanglement entropy (using Jacobson-Myers functional for the holographic minimal surface)
1However, we were informed by Christopher Eling about his earlier unpublished work [17] on resolution of
the mismatch in the logarithmic term in the entropy of gauge fields first observed by Dowker [19]. Eling uses the
previous results of [18]. According to [18] in the trace anomaly due to the gauge spin-1 field the parameter c is
non-zero. Using these results Eling obtains (4a+ 2c) ln ǫ for the logarithmic term in the entanglement entropy
in agreement with our eq.(26) (he uses different normalization for a and c). Then, for a = 62n1/360 and
c = −n1/6 as in [18] he finds that a + c/2 = 32n1/360 in agreement with Dowker. This relates the mismatch
to the presence of c-term in the trace anomaly.
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and the CFT trace anomaly calculation if one uses Wald’s prescription to compute the entropy
in d = 6. This discrepancy has not yet been explained in the literature. As observed in [9]
the discrepancy comes from the conformal invariant I3 , the only conformal invariant in d = 6
which contains total derivatives, and it is conceivable that it originates entirely from the total
derivative terms present in I3 . R
2 (16) is one of such terms. The discrepancy found in [9] is
for surfaces without O(2) symmetry but with vanishing extrinsic curvature. So that (16) can
not give the required contribution to explain the discrepancy. However, there are more total
derivative terms in I3 (see for instance [20]) and some of them may have the required properties.
In support to these expectations we shall consider a particular example of the total derivative
which does appear in the trace anomaly in six dimensions and has the required property.
9 More general metric
First we need to generalize the metric (3), (4). Indeed, it was assumed in (3), (4) that to second
order in r the τ -dependence of the metric may appear only due to the extrinsic curvature
(KaKb)nanb r2 so that g(2) does not depend on τ . This, however, is not the most general
situation. Indeed, in the examples considered in [9] the extrinsic curvature of the entangling
surface is zero. However the surface is not O(2) invariant in the transverse subspace due to
τ -dependent terms in the r2 order of the metric when expanded near the surface.
Motivated by these examples we consider the following generalization of the (not yet regu-
larized) metric
ds2 = e2σ(x,r)[dr2 + r2dτ 2] + gij(x, r, τ)dx
idxj, (27)
gij(x, r, τ) = hij(x) + 2K
a
ij(x)n
ar + r2((KaKb)ijn
anb +Habij (x)n
anb) + · · · ,
σ(x, r) = σ0(x) +
1
2
σ2(x)r
2 + · · · .
This metric is obviously 2πn periodic if n is an integer. It should be noted that the trace part
of Habij in (27) is identical to what we called g
(2)
ij (x) in metric (4). The transverse components
of the Ricci tensor of this metric read
Rrr = −2σ2 − e2σ0 [∆Σσ0 + 2(∇Σσ0)2]− TrHabnanb , (28)
r−2Rφφ = −2σ2 − e2σ0 [∆Σσ0 + 2(∇Σσ0)2] + TrHabnanb − TrHaa ,
Rrφ = TrH
abnaǫbcn
cr .
In what follows we assume that the extrinsic curvature of the surface vanishes, Kaij = 0, but the
term Habij is non-vanishing. So that vector ξ = ∂τ is locally a Killing vector, Lξgµν = O(r2).
Thus, the surface at r = 0 in the metric (27) is some sort of generalized horizon. In this case the
conical singularity does not appear to be “squashed” although it is not O(2) invariant either.
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If we use the FS regularization only, i.e. replace grr → fn(r)grr , then the regularized metric
has everywhere finite curvature. However, the gradient of the curvature is divergent2 at r = 0.
Therefore, we need to use additionally the FPS regularization in order to make the derivatives
of the curvature finite. The analysis shows that the divergence is due to the traceless part of
Hab in the metric (27). Therefore, only this part needs to be regularized while the part of the
metric due to the trace of Hab is independent of τ and thus it does not need to be regularized.
This is the prescription advocated in [15]. With this prescription we replace
Habij (x)n
anbr2 → 1
2
Hij(x)r
2 + (Habij (x)−
1
2
δabHij(x))n
anbr2n , (29)
where Hij(x) = H
ab
ij δ
ab , in the metric (27). If the traceless part of Hab vanishes then metric
(27) (provided Kaij vanishes as well) possesses the Killing symmetry and describes a Killing
horizon at r = 0. For this metric Wald’s calculation of entropy is applicable and we do not
expect any modifications of this calculation. This explains why we did not modify the power of
r in front of Hij(x) in (29).
10 Entropy calculation
As an example of a total derivative term we shall consider (RµνR
µν). The respective integral
over the conical space then reduces to a boundary term at r = r0 ,∫
Mn
(RµνR
µν) =
∫
r=r0
√
g√
fn
r∂r(RµνR
µν) , (30)
in which we have to expand in powers of (n− 1) and take the limit b → 0. The result of this
calculation for the metric (27) regularized as we just explained is rather simple and it depends
only on Habij ,∫
Mn
(RµνR
µν) = 8π(n− 1)
∫
Σ
(
TrHabTrHab − 1
2
( TrHaa)2
)
, (31)
where the trace is defined with respect to intrinsic metric hij(x) of the surface. Not surprisingly,
the result (31) depends only on the traceless part of Hab .
This can be re-written in terms of the Ricci tensor projected on the transverse subspace,
Rab = Rµνn
µ
an
ν
b , where n
µ
a , a = 1, 2 is a pair of normal vectors to Σ. For metric (27) we have
that nr1 = e
−σ0(x) and nτ2 = r
−1e−σ0(x) . Then, using (28), we have that
∫
Mn
(RµνR
µν) = 8π(n− 1)
∫
Σ
(Rab − 1
2
δabRcc)
2 . (32)
Together with equations (15) and (16) this is our main result.
2We thank Joan Camps for pointing this out to us.
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The entropy which follows from (32) is
S = 8π
∫
Σ
(
R2ab −
1
2
(Raa)
2
)
. (33)
It has the structure that resembles the one proposed in [9] in terms of the Weyl tensor. However,
in order to see whether there is a complete agreement we need to know the respective entropy
which comes from all possible total derivative terms that appear in the trace anomaly. Work in
this direction is in progress.
11 General expression for entropy and some tests
We can advance a bit more in our attempt to explain the discrepancy of [9]. It is clear from the
analysis above that the possible contributions of the total derivative terms in the trace anomaly
in six dimensions should be a combination of invariants constructed from matrix Habij . There
are in general four such invariants so that the respective entropy is a linear combination
S =
∫
Σ
(
α1TrHabTrH
ab + α2( TrHaa)
2 + β1H
ab
ij H
ab,ij + β2H
aa
ij H
aa,ij
)
. (34)
It is natural to expect that only the traceless part of Hab contributes to the missing entropy.
Then we have α2 = −α1/2 and β2 = −β1/2.
In the examples considered in [9] the matrix Hab has only one non-vanishing component,
H11 . Therefore among these four invariants there are only two independent
S =
∫
Σ
(
α( TrH11)2 + βH11ij H
11,ij
)
, (35)
where α = α1 + α2 and β = β1 + β2 .
The analysis of [9] can be summarized as follows. The mismatch in the entropy that they
have found takes the form
∆S = −πB3gA(Σ) ln ǫ , (36)
where B3 is the central charge which corresponds to conformal invariant I3 . In [9] they consid-
ered four cases (we use their notations and set all radii to 1):
a). R1×S2×S3 with Σ = S1×S3 . [9] finds that in this case g = 6. We find that ( TrH11)2 = 1
and H11ij H
11,ij = 1 for this geometry.
a’). R1 × S2 × S3 with Σ = S2 × S2 . [9] finds g = 8. Respectively we find that ( TrH11)2 = 4
and H11ij H
11,ij = 2.
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b). R3 × S3 with Σ = S2 × R2 . [9] finds g = 8. We find (TrH11)2 = 4 and H11ij H11,ij = 2.
c). R2 × S4 with Σ = S3 ×R1 . [9] finds g = 6. We find (TrH11)2 = 9 and H11ij H11,ij = 3.
According to our proposal, gA(Σ) should be identified with (34)-(35). There are two ob-
servations which may serve as some tests on this proposal. First, the cases a’) and b) are
characterized by same H -invariants. Therefore, if we are right then we expect that their en-
tropy mismatch should be the same. This is indeed the case! Then, the three independent cases
give us three equations on parameters α and β :
α + β = 6 ,
4α+ 2β = 8 ,
9α+ 3β = 6 . (37)
The first two equations have solution: α = −2 and β = 8. With these values, the third equation
in (37) holds automatically! This is second test on our proposal.
In fact, provided the missing entropy (35) depends only on the traceless part H˜abij = H
ab
ij −
1
2
δabHccij we are now able to get the complete expression
S =
∫
Σ
(
−4Tr H˜abTr H˜ab + 16H˜abij H˜ab,ij
)
. (38)
It should be noted however that the full resolution of the discrepancy may be a rather com-
plicated problem. The reason is the following. The total derivatives may appear on both sides
of the holographic relation. On the CFT side they appear in the holographic trace anomaly as
derived in [14], [20]. On the other hand, this should be compared to the holographic entropy
which itself may be modified by the presence of the total derrivative terms in the AdS grav-
itational action. An example of this modification we have seen in section 5. If terms of 6th
order in derivative are allowed, the structure of possible total derivative terms is much richer
and some of them may produce contributions to the holographic entropy that do not disappear
even if the surface is minimal. Since not all these contributions are at the moment known we
can not yet bring together all pieces of the puzzle and fully resolve the problem.
On the other hand, our proposal (34), (38) is perhaps an easier way to attack the problem.
It represents the total missing entropy which may come from both sides of the holographic
relation. It is simple and can be easily checked for new examples of surfaces for which the
mismatch in the entropy is found.
12 Conclusions
We have analyzed the possibility that the total derivative terms in the gravitational action may
lead to some non-trivial contributions to the entropy. Rather surprisingly, in the examples of
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total derivative terms which we consider in this note we have found that such a contribution does
exist. This observation may have many applications. We have briefly discussed the relevance of
our finding to the logarithmic term in entanglement entropy and its relation to the conformal
anomaly. In four dimensions the anomaly may in general contain a total derivative which
originates from a local term in the quantum effective action. Then we predict that this term
would contribute to the logarithmic term in a particular way which sometimes (for any sphere
in Minkowski spacetime) mimics the contribution of the a-charge.
In six dimensions the structure of total derivative terms in the trace anomaly is much richer.
We analyze some of them. In particular, we have found that they may produce contributions
which do not disappear when the surface has no extrinsic curvature. The corresponding entropy
is not of Wald’s type. We suggest that the entropy which comes from the total derivative terms
in the trace anomaly is the source for the discrepancy between the holographic entanglement
entropy and Wald’s entropy earlier observed in [9]. In a wider context this should mean that
the total derivative terms in the gravitational action can not be neglected and may lead to some
non-trivial gravitational entropy. This entropy may manifest itself for time-dependent metrics
with a generalized horizon. Further implications for the thermodynamics of horizons of this
type are worth exploring.
These conclusions are made under assumption of the correspondence between the gravita-
tional action and the entropy as suggested by the application of the conical singularity method.
It would be interesting to verify in an independent way whether the predicted contributions
(such as c-term in four dimensions) do appear in entanglement entropy. The negative answer
to this question would possibly impose certain restrictions on the entropy/action correspon-
dence. These restrictions (once identified) would provide us with the useful information on the
applicability of the method of conical singularity.
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A Appendix
Here we would like to discuss an alternative way to compute (11) as a bulk integral. It was
claimed [21] that the bulk method gives zero result for the entropy due to R . So that our
purpose is to examine this possibility. For simplicity we consider a simple metric
ds2 = fn(r)dr
2 + r2dτ 2 + (1 +K1r
n cos(τ) +K2r
n sin(τ))2(dy2 + dz2) . (39)
For this metric we find after the integration over τ and replacing r = bx that
∫
Mn
R =
∫
Σ
∫ r0/b
0
dx 4π(1− n) b2n−2x2n−3Qn(x) (K
2
1 +K
2
2 )
(x2 + 1)1/2(x2 + n2)9/2
(40)
where we skipped the terms proportional to sin(nπ) which do not contribute to the entropy
and we defined
Qn(x) = 2 x
10 + 11 x8 + 10 x6 + 2nx10 − 4n2x4 + 6 x6n7 + 2 x4n9 + 2 x10n3 + 6 x8n5
−63 x6n4 − 13 x4n6 + 16n7x2 − 18n6x2 − 29 x6n3 − 17 x6n2 − 56 x4n4 + 26 x6n
−16 x4n3 + 24 x8n− 9 x8n4 − 8 x8n3 − 20 x8n2 − 6 x10n2 + 6n9x2
+3 x4n8 + 23 x4n7 + 7 x6n5 + x4n5 + 4n9 − 4n8 . (41)
Notice that since the integration over r goes from 0 to r0 the respective integration for x goes
from 0 to r0/b. In the limit b→ 0 the latter goes to infinity and it seems that one could replace
the upper limit in (40) by infinity. Below we examine this replacement which appears to be a
tricky one.
First, we consider the decomposition of function Qn(x) to linear order in (1− n),
Qn(x) = 4 x
8 − 60 x6 − 60 x4 + 4 x2 + (4− 4 x10 + a1x2 + a2x4 + a3x6 + a4x8)(n− 1) . (42)
The exact values of ak , k = 1, 2, 3, 4 are not important since the respective terms will not
contribute to the entropy.
Suppose that we extend the integration over x in (40) till infinity. Then for the individual
terms the integration gives us
Ik =
∫
∞
0
dx x2n−3+k
(x2 + 1)1/2(x2 + n2)9/2
=
π
48
(k − 2)(k − 4)(k − 6)(k − 8)
16 sin(pik
2
)
+O(n− 1) . (43)
This formula is valid if k 6= 0, 10. In particular, we find that
I2 = I8 =
1
8
, I4 = I6 =
1
24
. (44)
This allows us to compute the contribution to the integral (40) of the (n − 1)0 terms in (42).
This contribution is 16π(n− 1).
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Now let us consider the terms of order (n − 1) in (42). The two terms, 4 − 4x10 , may
contribute to the entropy. Indeed, the integral Ik (43) may contain a pole ∼ 1/(n− 1) if k = 0
and k = 10. In these two cases, instead of (43) one uses [21]
I0 =
∫
∞
0
dx x2n−3
(x2 + 1)1/2(x2 + n2)9/2
=
1
2(n− 1) + ..
I10 =
∫
∞
0
dx x2n+7
(x2 + 1)1/2(x2 + n2)9/2
= − 1
2(n− 1) + .. . (45)
With these values for the integrals the terms of order (n− 1) in (42) contribute to the entropy
−16π(n−1). Together with the contribution of (n−1)0 terms in (46) this gives us 16π(n−1)−
16π(n−1) = 0. So that its seems that using the bulk method one could conclude, as in [21], that
the integral (40) vanishes and hence there is no entropy for R . This conclusion contradicts
the boundary terms method discussed in the main text. The source of this contradiction is
in the replacement of the upper limit r0/b in (40) with infinity. In fact, this replacement is
legitimate in the integrals (43), (44). However we have to be more careful when evaluate the
integrals (45). In the integral I0 the pole 1/(n− 1) arises due to integration over small values
of x,
∫
dxx2n−3 = x
2n−2
2(n−1)
. The limit x → 0 is well defined if n > 1. However, approaching
n = 1 from above the divergence of the integral manifests in the pole 1/2(n − 1). On the
other hand, the integral I10 is divergent on the upper limit. This divergence is cured if n < 1.
Approaching n = 1 from below this integral shows the pole −1/2(n−1) as in (45). Clearly, the
two integrals, I0 and I10 , can not be well defined for the same values of n. Assumption that
n > 1 makes legitimate the extension of integration in I0 till infinity. However, for n > 1 the
second integral, I10 , is divergent on the upper limit and hence this limit can not be extended
to infinity. Instead, we should integrate till r0/b as is originally defined in (40). Then we find
I10 =
∫ r0/b
0
dx x2n+7
(x2 + 1)1/2(x2 + n2)9/2
= ln(r0/b) +O(n− 1) , (46)
where we assume that b is small but finite. Thus, in the careful treatment there is no a pole
in the integral I10 . Summing up all contributions, the one from (n− 1)0 terms in (42) and the
other from (n− 1) term in (42), we find 16π(n− 1)− 8π(n− 1) = 8π(n− 1). Finally, we arrive
at ∫
Mn
R = 8π(n− 1)
∫
Σ
(K21 +K
2
2) (47)
in a complete agreement with (15) since for metric (39) TrK2 = 2(K21 +K
2
2 ).
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